Self-consistent hyperfluid by Ariki, Taketo
ar
X
iv
:1
70
1.
00
60
7v
3 
 [g
r-q
c] 
 5 
Au
g 2
01
7
Field Theory of Hyperfluid
Taketo Ariki1
1Institute of Industrial Science, The University of Tokyo, 4-6-1 Komaba, Meguro-ku,
Tokyo 153-8505, Japan.
E-mail: 1ariki@fluid.cse.nagoya-u.ac.jp
May 2017
Abstract. Hyperfluid model is constructed on the basis of its action entirely free from
external constraints, regarding hyperfluid as a self-consistent classical field. Intrinsic
hypermomentum is no longer a supplemental variable given by external constraints, but
purely arises from the diffeomorphism covariance of dynamical field. Field-theoretic
approach allows a natural classification of hyperfluid on the basis of its symmetry
group and corresponding homogeneous space; scalar, spinor, vector, and tensor fluids
are introduced as simple examples. Apart from phenomenological constraints, the
theory predicts the hypermomentum exchange of fluid via field-theoretic interactions
of various classes; fluid-fluid interactions, minimal and non-minimal SU(n)-gauge
couplings, and coupling with the metric-affine gravity are all successfully formulated
within the classical regime.
1. Introduction
Fluid is typically employed as a macroscopic model of matters in the universe, providing
one of fundamental pieces to spacetime structure via gravity-matter coupling. Increasing
interests to go beyond the standard gravitational scenario motivate extensions of the
known fluid concept. Spin fluid in the torsion universe (U4) of the Einstein-Cartan
theory is one of such attempts, which had been studied on the line, at first, of the
singularity avoidance or an alternative inflationary scenario of the early universe [1, 2, 3].
Gauge-theoretic reformulation of the spacetime geometry [4, 5, 6] encouraged scientists
to go one-step further; the hyperfluid [7], fluid endowed with the hypermomentum, gives
appropriate coupling charges to the metric-affine gravity.
Although such a deep reconsideration from modern geometrical viewpoint appears
strongly attractive to classical physics, the hyperfluid model still remains on the status
of the phenomenology; fluid is no more than an approximation of the low-wavenumber
mode of underlying manybody system, losing true benefit from the geometrical
reconstructions of the spacetime. In conventional formalism [7, 8, 9, 10, 11, 12], these
phenomenological interpretations may be cast into constraints of two types. One is
the Lin constraint [13] which restricts the motion of coarse-grained properties such
as mass, charge, or intrinsic hypermomentum onto the convection. The other is the
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Frenkel condition on the intrinsic hypermomentum, which further restricts the degrees
of freedom originally allowed by the space-time symmetry, regarding the hyperfluid
as assembly of microscopic objects. Whereas reflecting proper phenomenological
interpretations, these conventional constraints strictly regulate the degrees of freedom,
giving fluid’s motion by external constraints rather than by internal structure of free
Lagrangian. Indeed, there are careful observations by pioneers, where they recovered the
lost symmetries by weakening the Frenkel condition [10, 11, 12]. Revisiting these facts, it
may be naturally motivated, from the viewpoint of field theory, to explore the hyperfluid
model totally based on symmetries, which would bring about the true extension of the
known fluid concept at least in the classical regime, and the conventional hyperfluid
models seem to be on a transient state.
The objective of this paper is to construct the theory of hyperfluid totally on the
basis of symmetries inside its action. The resultant theory now defines the hyperfluid
as a self-consistent classical field, where we do not rely on any external constraints.
Especially, the hypermomentum convection arises from the diffeomorphism covariance
of action, regarding the diffeomorphism covariance of fluid as a gauge symmetry.
Apart from phenomenological descriptions, the hyperfluid acquires the potential to have
fundamental interactions; fluid-fluid coupling, SU(n)-gauge coupling with non-minimal
interaction, and coupling with the metric-affine gravity are all successfully formulated.
2. Action of fluid
Our action principle has its roots in the formulation of Ref. [14]. We begin with the flat
spacetime (R4) of the metric-signature diag(+,−,−,−). Only a multiple-component
field φI (index I represents its components) and a vector w (Taub’s current [15]) are
sufficient field variables of our fluid. Here we define the Lagrangian density as a real
function P (DφI ,W) of DφI(≡ wν∂νφI) and W(≡ −wνwν/2). The Euler-Lagrange
equations read
δS
δφI
= − (σIwµ) ,µ = 0, (1a)
δS
δwµ
= σIφ
I
,µ − τwµ = 0, (1b)
where σI = ∂P/∂(Dφ
I) and τ = ∂P/∂W. Taking the gradient of P and using Eqs.
(1a)-(1b) yield
{(ρ+ P )uµuν},ν = P ,µ , (2)
where the Lagrangian density P , a normalized vector u(≡ w/|w|) (uαuα = 1), and
ρ(≡ −2τW − P ) can be identified with the pressure, velocity, and mass (Time-like
condition wνwν > 0 is fulfilled by defining the function P (Dφ
I ,W) in the domain
W < 0). The action has the symmetry under the shift φI 7→ φI + const., which leads
to the convection currents |w|σIuµ without imposing Lin constraints [14]. The Euler
equation (2) identically holds for arbitrary component number of φI , which allows fluid
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to couple with various symmetry group of arbitrary dimensions. In this paper, we impose
the symmetry under the diffeomorphism group, where the hypermomentum naturally
appears as corresponding Noether charge.
3. Global Symmetry
Here we consider the symmetry of action under non-degenerating global transformation
of the linear coordinate frame given by
xµ 7→ xµ˜ = xµ + ǫµ + ǫµνxν , (3a)
φI 7→ φI + ǫµν(Σµν)IJφJ , (3b)
where ǫµ and ǫµν are arbitrary infinitesimal parameters. Transformation (3a) forms
the affine group in a global sense, where the Poincare´ group is generated when
ǫµν is antisymmetric. Σ
µν is the transformation generator whose anti-symmetric
part generates the Lorentz transformation. The remaining dilatation and shear
transformations require the metric (gµν) to globally transform, so the action may be
written as S =
∫
P
√−gd4x with g(≡ det[gµν ]) being constant in spacetime. The
symmetry under Eqs. (3a)-(3b) yields the corresponding two Noether currents; the
canonical energy-momentum (T µν) and the total hypermomentum which is split into
orbital (T ρµxσ) and intrinsic parts (∆ρσ·µ):
T µν =
∂P
∂φI,µ
φI,ν − Pδµν = (ρ+ P )uµuν − Pδµν , (4a)
∆ρσ·µ = − ∂P
∂φI,µ
(Σσρ)IJφ
J = −|w|σI(Σσρ)IJφJuµ. (4b)
Eq. (4b) explicates that the fluid carries the hypermomentum density as a convective
charge. Thus, the hyperfluid is obtained by imposing the global symmetry under Eq.
(3a) which forms a subgroup of Diff(4, R). Also note that hypermomentum does not
give any modification to T µν , yielding the Euler equation identical to Eq. (2). The
Noether theorem yields the canonical energy-momentum conservation T µν,µ = 0 and
the quasi-conservation of the hypermomentum Θρσ = T ρσ + ∆ρσ·µ,µ, where Θ
µν ≡
−2(δS/δgµν)/√−g (the metrical energy-momentum tensor) generalizes the known
Belinfante-Rosenfeld tensor [4]. Following Ref. [4] the hypermomentum current is split
into the spin, dilatation, and shear currents (traceless proper hypermomentum), which
is given in this order by Sρσ·µ ≡ ∆[σρ]·µ, ∆µ = ∆ρρµ, and ∆¯ρσ·µ ≡ ∆(ρσ)·µ − 14ηρσ∆µ. In
case of the free hyperfluid, canonical energy-momentum tensor T µν is always symmetric
as Eq. (4a), which yields, using the Belinfante-Rosenfeld relation, Sρσ·ν ,ν = 0, where
the spin current independently conserves while the dilatation and shear currents may
interact with the orbital part.
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4. Classifications
Explicit form of Eq. (4b) varies with respect to each generator Σµν , which allows
us to classify the hyperfluid. If φ transforms as a scalar multiplet, the fluid has no
intrinsic hypermomentum. We may call this as the scalar fluid, which defines an
ordinary fluid without hypermomentum. If φ transforms as a spinor (spinor fluid),
we write the Lagrangian density as P (Υ,W), where Υ ≡ (Dφ)†γ0Dφ and its conjugate
σ¯ = ∂P/∂(Dφ) = ∂P
∂Υ
(Dφ)†γ0 (bar for the Pauli conjugate; σ¯ ≡ σ†γ0). Substituting the
generator Σµν = 1
8
[γµ, γν ] into Eq. (4b) reads
∆ρσ·µ =
1
8
|w| (σ¯[γρ, γσ]φ− φ¯[γρ, γσ]σ)uµ, (5)
which only contains the spin current [16]; the spinor fluid defines a pure spin fluid free
from the dilatation and shear currents. Here γµ is given by eµaγ
a using the Dirac matrices
γa in the orthonormal-frame representation (gµνe
µ
ae
ν
b = η
ab), where the Greek indices
stand for the coordinate (holonomic) components while the lowercase Latins for the
orthonormal-frame (unholonomic) ones [17]. If φµ transforms as a vector (vector fluid),
substituting the generator (Σρσ)κλ = η
ρκδσλ into Eq. (4b) yields
∆ρσ·µ = −|w|φρσσuµ. (6)
which now contains the spin, dilatation, and shear currents. Further generalization is
made by letting φµν··· to be a tensor (tensor fluid), where Eq. (4b) reads
∆ρσ·µ = −|w|(φραβ···σσαβ··· + φαρβ···σασβ··· + φαβρ···σαβσ ··· + · · ·)uµ. (7)
Unlike the conventional models [1, 7, 8, 9, 10, 11, 12], we do not need the dynamical
equation for ∆, but ∆ is directly calculated from φI and wµ obtained from their Euler-
Lagrange equations (1a)-(1b).
5. Charged hyperfluid
Charged hyperfluid is defined by imposing SU(n) symmetry on φI , which is conducted
by rewriting the Lagrangian density as P (Υ,W) with Υ ≡ (DφI)†DφI . Local symmetry
requires DφI ≡ wνDνφI , where Dµ ≡ ∂µ − ietaAaµ is the gauge-covariant derivative (e,
ta, and A
a
µ are the coupling constant, generator, and gauge field). Now φ
I is the SU(n)
multiplet, where the index I is left to represent the components of either spinor, vector,
or tensor. Symmetries under SU(n) and Eqs. (3a)-(3b) yield the following two Noether
currents:
Jµa = −ie|w|
(
σ
†
Jtaφ
J − φ†JtaσJ
)
uµ, (8a)
∆ρσ·µ =−|w|
(
σ
†
I(Σ
σρ)IJφ
J + φ†J(Σσρ)IJσI
)
uµ, (8b)
Field Theory of Hyperfluid 5
which show that the fluid carries both charge and hypermomentum. The Noether
identities read DνJνa = 0 and ∆ρσ·ν ,ν = T ρσF − ΘρσF , where ΘF and TF are metrical
and canonical energy-momentum tensors of fluid, so quasi-conservation of ∆ is closed
in the fluid; charged hyperfluid of the minimal-coupling does not exchange its total
hypermomentum with that of gauge field. Especially, since ΘF and TF are both
symmetric tensors, fluid’s spin conserves thereby Sρσ·ν ,ν = 0; the minimally-charged
hyperfluid is free from spin-orbit interaction. Thus, the spin-orbit interaction requires
the non-minimal coupling; the prototypical sector ∝ F µνSµν of Refs. [3, 9, 19, 20]
expresses the magnetic-moment proportional to the spin density, while such an
interpretation is valid only when the hyperfluid is constituted of spinning dusts or Dirac
Fermions. In the present model, we do not presuppose such underlying system, but
the hypermomentum (4b) purely arises from the symmetry of field φI itself, and thus
the conventional spin-orbit interaction does not necessarily hold. Also note that the
conventional Sµν cannot couple with the non-Abelian field strength F
µν
a because of its
lack of the generator index a.
Let us consider an alternative non-minimal coupling which does not contain the
derivative term DνφI of the minimal coupling. In order to make a proper coupling with
the field strength F µνa , we need a real-valued tensor, say χ
a
µν(= −χaνµ), composed of our
dynamical variables φI . The simplest composition may be
χaµν =


φ¯[γµ, γν]t
aφ spinor fluid,
i
2
(φ†µt
aφν − φ†νtaφµ) vector fluid,
i
2
(φ†µαβ···t
aφν
αβ··· − φ†ναβ···taφµαβ···) tensor fluid.
(9)
Then we may have the following model:
L = P (Υ,W)− 1
4
F µνa F
a
µν + ξχ
a
µνF
µν
a , (10)
where χaµν is interpreted as the magnetic moment based on SU(n) symmetry, ξ is a
coupling constant. In this model, fluid’s intrinsic hypermomentum is still given by Eq.
(8b). Then ∆ρσ·µ satisfies
∆ρσ·ν ,ν + T
ρσ
F −ΘρσF = 2ξχρλaF λσa 6= 0, (11)
where non-vanishing right-hand side acts as the source or sink of the hypermomentum,
representing the exchange of the intrinsic hypermomentum with the Yang-Mills field;
not only spin, but also the dilatation and shear currents now couples to Yang-Mills field
via the magnetic moment χaµν . Taking the antisymmetric part yields
Sρσ·µ,µ = ξ(F
αρ
a χα
σa − F ασa χαρa), (12)
where fluid’s spin does not conserve because of the SU(n)-magnetic moment.
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6. Fluid-fluid interaction
Regarding φI as the fundamental field variable of the theory, we introduce interactions
between hyperfluids on the basis of it. Consider two spinor fluids (1φ, 1w) and (2φ, 2w)
with a simple coupling:
L = 1P + 2P + ξ(1φ¯ 2φ+ 2φ¯ 1φ), (13)
where 1P and 2P are the sectors of fluids 1 and 2, respectively. Using Eq. (5) and field
equation δS/δ 1φ = 0 yields
1Sρσ·ν ,ν =
1
8
ξ
(
2φ¯[γρ, γσ]1φ− 1φ¯[γρ, γσ]2φ) , (14)
where spin of fluid 1 does not conserve. Using anti-symmetry in the labels 1 and 2,
we immediately reach the total-spin conservation: ∂ν(1S
ρσ·ν + 2Sρσ·ν) = 0. For coupling
with the other hyperfluid, one may introduce the vector jµ ≡ φ¯γµφ (or axial vector
Ajµ ≡ φ¯γ5γµφ) in a similar manner to that of the fermion current, which allows coupling
to vector and tensor fluids via index contraction; for instance, one may construct a
coupling model of the spinor fluid (sφ, sw), vector fluid (vφ, vw), and 2-rank tensor fluid
(tφ, tw) given by
L = sP + vP + tP + ξ tφµν vφµ jν , (15)
where the shear and dilatation currents are exchanged between the vector and tensor
fluids while the spin current is shared by all the types. Using Eqs. (5)-(7) and field
equations, we reach ∂ν(sS
ρσ·ν + vSρσ·ν + tSρσ·ν) = 0.
7. Local Symmetry
So far, our discussions remain in the global symmetry under the transformation (3a)
in a flat spacetime R4. Now we are prepared to go for the local symmetry on the
curved spacetime (L4, g). Local symmetry under Diff(4, R) requires the derivative
to be covariantly modified; providing φI is an orthonormal-frame representation, it
means ∂µφ
I →∇µφI ≡ (∂µ + ωµabΣab)φI , where the spin connection ωµ·ab is introduced
as a gauge potential. Now the orthonormal frame eµa and its conjugate (coframe) e
a
µ
(eµae
a
ν = δ
µ
ν ) vary in the spacetime. Unlike the Poincare´-gauge theory, our generator Σa
b
could contain the symmetric part, so the local-gauge symmetry requires ωµ.ab 6= −ωµ.ba,
which leads to
ωµ
a
b = e
ρ
be
a
σΓµρ
σ − eaρ,µeρb , (16a)
Γαβ·γ =
1
2
∆µνραβγ(∂µgνρ − Tµν·ρ +Qµ·νρ), (16b)
where ∆µνραβγ ≡ δµαδνβδργ + δµβδνγδρα− δµγ δνβδρα [5]. Now Tµν·ρ(≡ 2Γ[µν]·ρ) and Qµ·νρ(≡ −∇µgνρ)
are identified as the torsion and non-metricity. The fluid sector reads
SF =
∫
P (DφI ,W)√−gd4x, (17)
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where D ≡ wµ∇µ and W ≡ −12wµwνgµν . Following Refs. [22, 23], we take gµν and
Γµν·ρ as the independent gauge potentials whose variations yield the following coupling
charges [24]:
√−g∆µν·ρ ≡− δSF
δΓρν·µ
=−√−g|w|σI(Σνµ)IJφJuρ, (18a)
√−gΘµν ≡ −2 δSF
δgµν
=
√−g(T µν +
∗
∇ρ∆µν·ρ), (18b)
where
∗
∇µ = ∇µ − (Γρµρ − Γ˜ρµρ) (Γ˜: Levi-Civita connection). These charges are to
be coupled with each field strength of the gravity sector. The variations by the fluid’s
variables (φ,w) read
δSF
δφI
= −√−g
∗
∇ρ (σIwρ) = 0, (19a)
δSF
δwµ
=
√−g(σI∇µφI − τwµ) = 0. (19b)
which describe all the properties of our hyperfluid, while more intuitive picture may
be obtained from the Euler equation; taking the gradient of P (Υ,W) and using Eqs.
(19a)-(19b) yield
(δρµ
∗
∇ν − Tµνρ){(ρ+ P )uνuρ} = P,µ − Rρσµν Sρσ·ν , (20)
where the Riemann-Christoffel curvature is defined in this paper by Rρσµν ≡ 2∂[µΓν]σρ+
2Γ[µ|λ
ρΓ|ν]σ
λ. In contrast to the conventional models, Eq. (20) expresses very simple
dynamics; only the Mathisson-Papapetrou force appears as the modification from the
intrinsic hypermomentum, which is solely because the action (17) only contains the
minimal coupling of Diff(4, R) gauge and free from any external constraints, providing
an example of pure diffeomorphism-gauge theory. Further gauge coupling can be
immediately incorporated. Local SU(n)×Diff(4, R) symmetry imposed on φI requires
the covariant derivative Dµ ≡ ∂µ+ωµabΣab− ietaAaµ. The Lagrangian density P (Υ,W)
(Υ ≡ (DφI)†DφI , D ≡ wµDµ) results in
(δρµ
∗
∇ν − Tµνρ){(ρ+ P )uνuρ} = P,µ − Rρσµν Sρσ·ν − F aµνJνa , (21)
where Jνa and S
ρσ·ν are charge and spin currents given by Eqs.(8a)-(8b). Likewise, the
present formalism always yields the Euler equation purely coupling with the gauge forces
of corresponding symmetries, which is exactly due to the entire release from external
constraints.
Finally we shall mention another gauge-gravity formalism based on GA(4, R) [6],
where general transformation in the tangent bundle is taken as further gauging prop-
erty, allowing the active interpretation of local translation, spin, shear, and dilatation
of the frame. The vector and tensor fluids can be successfully formulated in GA(4, R)
framework leading to an identical set of equations to Diff(4, R)-based theory, while
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the spinor fluid should be generalized by replacing the spinor with the spinor manifield
[6, 18].
8. Conclusion
In this paper, hyperfluid was defined by its own right with its action free from
any external constraints, regarding the hyperfluid as a self-consistent classical field.
Discarding the phenomenological interpretations based on any underlying systems, the
intrinsic hypermomentum is no more an additional variable accompanied by Lagrangian
multipliers, but it naturally arises from the diffeomorphism covariance, which defines
a pure diffeomorphism-gauge theory of the perfect fluid. It should be emphasized as
a remarkable advantage that we only need to solve φI and wµ, and the other fluid’s
properties such as the hypermomentum and charge currents are all calculated from them
through Eqs. (4b), (8a), and (8b). It is worth comparing the present formalism with
those of Refs. [19, 21, 25], where Lie-group elements of required symmetries perform
as their field variables; each conservation law requires elements of associated symmetry
group. In contrast, φI in the present formalism belongs to the homogeneous space of the
corresponding group on which we impose all the group symmetries at once. Indeed, we
have shown that local SU(n)×Diff(4, R) symmetry imposed on φI successfully yields
the gauge theory of the charged hyperfluid in Eq. (21). Also we shall notice that the
group symmetry alone does not specify the hyperfluid, but each representation φI of the
same group symmetry results in a different hyperfluid, such as the scalar, spinor [26],
vector, and tensor fluids, each of which has its possible class of interactions. In this
classification, the ordinary fluid (the scalar fluid) can be understood as the hyperfluid
with no hypermomentum; our hyperfluid model gives a natural generalization of known
fluid concept.
Release from the external constraints enables the intrinsic hypermomentum to
play more active role in interactions; SU(n)-gauge theory, interaction between fluids,
and the metric-affine gauge theory were examined where hypermomentum exchange
is successfully described on the basis of the field-theoretic interactions, suggesting
that the hyperfluid can be studied as a self-consistent field at least in the classical
framework. Free from the phenomenology trivially imposed by any external constraints,
non-trivial phenomena may result from our self-consistent formalism. Indeed, regarding
the charged hyperfluid, we have shown a possible model of non-minimal coupling using
the SU(n)-magnetic moment χaµν . Note that the magnetic moment χ
a
µν of Eq. (9) is not
constrained to the spin density ∆[µν].0 and is even able to exchange the dilatation and
shear currents (see Eq. (11)). This may be understood as further generalization of spin-
orbit interaction, where intrinsic dilatation and shear currents may cause dilatational
and straining flow.
The removal of constraints further enhances the potential of the theory. It has
been recently shown by Ref. [14] that the natural symplectic structure is obtained by
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discarding the Lin constraint. Such a fundamental modification at the classical stage
offers the first step to the canonical QFT of fluid in the generalized spacetime geometry.
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